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Abstract 

We give a functional integral representation of the semigroup generated by the 
spin-boson Hamiltonian by making use of a Poisson point process and a Euclidean 
field. We present a method of constructing Gibbs path measures indexed by the 
full real line which can be applied also to more general stochastic processes with 
jump discontinuities. Using these tools we then show existence and uniqueness 
of the ground state of the spin-boson, and analyze ground state properties. In 
particular, we prove super-exponential decay of the number of bosons, Gaussian 
decay of the field operators, derive expressions for the positive integer, fractional 
and exponential moments of the field operator, and discuss the field fluctuations 
in the ground state. 

Key-words: Poisson process, cadlag paths, Gibbs measure, spin-boson operator, 
ground state 
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1 Spin-boson model 
1.1 Introduction 

Gibbs measures constructed on the space of continuous paths of a random process 
proved to play an important role in studying ground state properties of Hamiltonians 
in quantum field theory ( [LHB111 Chapter 6] and jLMOll ILMS021 lL02l IBHLMS021 
IBH091 IGL091 !GTlL12j ) . Such random processes are obtained by conditioning Brownian 
motion with respect to an external and a pair interaction potential. In this setting 
Gibbs measures are obtained as weak limits of sequences of Gibbs measures indexed by 
the bounded intervals of the real line by using pre-compactness or tightness arguments. 

In the present paper we extend this strategy to construct Gibbs measures on paths of 
a random process with jump discontinuities (cadlag paths) associated with the Hamil- 
ton operator of the spin-boson model: 



with a view of studying spectral properties of this Hamiltonian. Here e > 0, a G R, 



give the detail below. One of the merits of this approach is that it allows to carry 



properties of the spin-boson model are discussed through a measure on the space of 
paths with jump discontinuities, no attention was paid to constructing Gibbs measures. 

As it will be seen below, in the case of the spin-boson model Gibbs measures involve 
densities depeendent on a pair interaction potential alone, and no external potential 
contribution. We stress that, in contrast, in the case of Brownian motion under zero 
external potential and non-zero pair interaction potential even the very existence of 
Gibbs measures is poorly understood. A rigorous study of Gibbs measures with an 
external potential but without pair interaction on cadlag paths was begun in |KL12aj . 
considering them with respect to fractional P(0)i-processes, i.e., stable processes under 
an external potential. 

For Hamiltonians with spin or a non-local kinetic term Feynman-Kac-type formulae 
can be derived by using Levy processes [HirT2l IHL081 ILM121 IHIL12al IHIL12bl IKL12bj . 
There are few rigorous results on quantum models with spin using functional integration 
methods. In |HL08] we derived such a formula for the heat semigroup generated by a 
quantum field operator with spin by making use of a Euclidean quantum field and a 
Poisson process. In [HIL12bj we developed similar methods for relativistic Schrodinger 
operators, allowing to obtain results on the decay of ground states. 



H = -ea x <g> t + 1 <g> Hi + aa z <g> (j> h (h) 




Hi the free field Hamiltonian and <pb(h) the field operator in a Fock space & . We will 



through this analysis in a non-perturbative way. While in |Spo89[ ISSW90] the spectral 
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In this paper we derive a Feynman-Kac-type formula for the semigroup generated 
by the spin-boson Hamiltonian. The spin-boson model is a much studied variant of 
the Caldeira-Leggett model describing a two-state quantum system linearly coupled to 
a scalar quantum field |LODGZ87] . Work on the spectral properties of the spin-boson 
and related models includes [SD851 |Spo89j ISSW901 IHS951 IGer96l IBS981 RH971 lHir99l 



IGer00llrTrrrni[rTrr02] . In particular, in [SD85l|Sp^89]ISSW90llirS95] stochastic methods 
were used. Existence or non-existence of a spin-boson ground state was investigated 
in |AH97t IGerOO] . Below we obtain existence and uniqueness of the ground state by 
a different approach. In |HH12j we apply the method developed in this paper to the 
so-called Rabi model, which can be regarded as a single-mode spin-boson model. We 
also refer to the recent papers [Abdl2t IHHIOj . 

In order to study the spin-boson in a stochastic representation we describe the spin 
states by the set Z 2 = { — 1,+1} and derive a Poisson-driven random process with 
cadlag path space i?T = D(R, Z 2 ), indexed by the real line and taking values in Z 2 . 
This will describe the spin-process. The spin-boson Hamiltonian can be defined as a 
self-adjoint operator on a Hilbert space L 2 (Z 2 x Q) instead of C 2 (g) & . 

On path space 2£ we are then able to construct a Gibbs measure p g associated 
with the unique ground state tp g of the spin-boson Hamiltonian. Using this probability 
measure we represent ground state expectations for interesting choices of operators O 
in the form 



((p g ,Oip E )= / f dfi s , (1.2) 
J x 

where fo is a function on path space uniquely associated with O. We will consider 
the field operator 4>(f) with test function /, and the second quantization dT(p(— zV)) 
of the multiplication operator by a function p, and derive path integral representations 
of expressions of the type 

= i{a)F{(j){f)) and O = i{a)e~ pdT ^ lV)) (1.3) 

with suitable £ : Z 2 -> C, F : R -> C and p : R d -> [0, oo). These cases include 

Q = N m , = e ftN , = (-l) N and a(-l) N 

for all m G N and /3 G C (in particular, > 0), where N = dT(i) is the boson number 
operator, as well as 

= e W2Mf)\ = e if) +W, C = 0(/) n , 0=\(j)(f)\ s and O = a<f>{f). 



Here (3 G R, n G N and < s < 2. 
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Specifically, we obtain explicit formulae for the positive integer and fractional order 
moments and exponential moments of the field operator, and show that the field fluc- 
tuations increase on switching on the coupling between the spin and the boson field. 
Moreover, we show that 

for — oo < (3 < l/\\f\\ 2 (i.e., Gaussian decay of the field operators) with 

hm || e W 2 )*(/)V|| = oo. 

/3tVII/ll 2 

As a consequence, we obtain another representation of the ground state. Recall that 
when e = 0, the spin boson Hamiltonian can be diagonalized so that each matrix 
element is a van Hove Hamiltonian (see also below). Then it is trivial to see that 

Og,^0(/))^g) = (fvn,F((f) h (f))(p v n), 

where </? v h is the ground state of the van Hove Hamiltonian in & . Here we show a 
similar representation for the case of e ^ 0, i.e., we derive 

(cp g ,F(4>(f))<p g ) = J (cp Yn ( X ), F(4> h (f))cp Yn (x))dfi g , 

where f v n{x) is the ground state of a random van Hove model and x is a function of 
the random path. This suggests implicitly that cp g = f^- (p v u(x)d(i g - 

Next we discuss ground state properties of second quantized operators. In partic- 
ular, we prove that 

<p s E D(e? N ), (3>0 

(i.e., super-exponential decay of the number of bosons). Also, we obtain explicit formu- 
lae for the moments of the boson number operator in terms of sums involving coefficients 
given by the Stirling numbers of the second kind. Furthermore, although we show that 
(<f g , a(—l) N <f g ) = — 1, we obtain a positive lower bound on the ground state functional 
(<f g , (—l) N <p g ). Finally, we obtain the inequality 

(<P s ,N<p B ) < -jbs'tWV) h)<p g ) < —\\h/u\\ 2 , D = -iV, 

relating the mean of the field operator with the expected boson number in the ground 
state. 

These applications to ground state properties are derived from the main results of 
this paper, which can be summarized as follows: 
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(1) existence and uniqueness of the ground state ip g of the spin-boson Hamiltonian 
H is shown in Theorem 12.31 

(2) a probability measure /x g on cadlag path space associated with ip g is con- 
structed in Theorems 13.81 and 13.91 

(3) it is shown in Theorem 13.121 that Gibbs measure for a pair interaction 



(4) path integral representations of (<p g , Ocp g ) in terms of /i g are given in Section 4, 
in particular, 

(i) it is shown that 



in Theorem 14.91 Corollary 14.101 and Corollary 14.181 

(ii) it is shown that (<p g , 0(p g ) can be represented by the ground state v? v h(x) 
of a van Hove Hamiltonian as 



We note that path integral representations were already used to a great extent 
for the Nelson model describing the interaction of a charged particle with a scalar 
quantum field, see |BHLMS02] and [LHBlll Chapter 6]. We also note that although 
the result (<p g , e l3N (p g ) < oo has been established in |Gro73j by using operator theory, 
our construction here is completely different and rather general. Also, our methods 
can be applied to further models involving cadlag paths, for instance, the Nelson model 
with a relativistic kinetic term a/— A + m 2 + V, which will be done elsewhere. 

The paper is organized as follows. The remainder of Section 1 is devoted to con- 
structing the Feynman-Kac formula of the spin-boson heat semigroup. In Section 2 
we show that the spin-boson Hamiltonian has a unique ground state tp g if an infrared 
regularity condition is satisfied. In Section 3 we define a Gibbs measure on 3£ for 
bounded time intervals associated with the density obtained from the Feynman-Kac 
representation, and show its local weak convergence to a path measure in the infinite 
time limit. We view Theorems 13 . 8 1 and 13.91 below to be pivotal results in this paper. In 
Section 4 we derive the expressions of the ground state expectations mentioned above. 



potential 



cp g G D(e aN ) n D(eW) 2 ), (a, b) e R x (-oo, 1/||/|| 2 ) 




in Theorem 14.141 
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1.2 Definition 



We begin by defining the spin-boson Hamiltonian as a self-adjoint operator on a Hilbert 
space. Let & = 0^1 o (<g)g ym L 2 (R d )) be the boson Fock space over L 2 (R d ), where 
the subscript means symmetrized tensor product. We denote the boson annihilation 
and creation operators by a(f) and aJ(f), f,g G L 2 (R d ), respectively, satisfying the 
canonical commutation relations 



WW(g)] = (f,g), [a(f),a(g)] = 0=[a\f),a\g)}. 



;i-4) 



We use the informal expression a"(/) = J afi(k)f(k)dk for notational convenience. 
Consider the Hilbert space 

JT = C 2 ®J?. (1.5) 

Denote by dF(T) be the second quantization of a self-adjoint operator T in L 2 (R d ). 
The operator on Fock space defined by 

H t = dT(u) (1.6) 

is the free boson Hamiltonian with dispersion relation u)(k) = \k\. The operator 



V2 



a\k)h(-k) + a(k)h(k))dk 



;i-7) 



acting on Fock space is the scalar field operator, where h G L 2 (R d ) is a suitable form 
factor and h is the Fourier transform of h. Denote by cr x ,a y and a z the 2x2 Pauli 
matrices given by 






1 




-i 




"1 " 


1 





, <Ty = 


i 




-1 



With these components, the spin-boson Hamiltonian is defined by the linear operator 

Hs B = ea g ®l+l®Hf + a<T x ®<f> b {h) (1.9) 
on J$f, where a 6 1 is a coupling constant and e>Oa parameter. 



1.3 A Feynman-Kac-type formula 

In this section we give a functional integral representation of e~ tHsB by making use 
of a Poisson point process and an infinite dimensional Ornstein-Uhlenbeck process. 
First we transform H^b in a convenient form to study its spectrum in terms of path 
measures. 



s 



Recall that the rotation group in K 3 has an adjoint representation on SU(2). Let n G 
M 3 be a unit vector and 9 G [0,2tt). Thus e (i/2)9n - CT satisfies that e (i/2)9n - <T a fl e- {i/2)en -' 7 = 
(Ra)^, where R denotes the 3x3 matrix representing the rotation around n with angle 
9, and a = (a x , a y , a z ). In particular, for n = (0, 1, 0) and 9 = n/2, we have 



e (i/2)0n-<r -(i/2)0n-<r _ 
e (i/2)0n-a (7 e -(*/2)tfn. ff 



-CT-r.. 



Let 



(8)1 



be a unitary operator on J$f. By f ll.lOp and (II. lip ffse transforms as 

H = UH SB U* = -ea x ® t + 1 ® H f + aa z ® (j) h (h). 
Then if is realized as 

H 



(1.10) 
(1.11) 



;i.i2) 



;i.i3) 



iff + a(j>h(h) —e 

—e iff — a<f>b(h)_ 



In particular, e = makes if diagonal. If hj^/Zj G f 2 (M d ) and h is real- valued, then 
4>h{h) is symmetric and infinitesimally small with respect to iff, hence by the Kato- 
Rellich theorem it follows that if is a self-adjoint operator on -D(iff) and bounded from 
below. 

To construct the functional integral representation of the semigroup e~ tH , it is 
useful to introduce a spin variable cr G Z2, where Z 2 = {— 1, +1} is the additive group 



of order 2. For \l/ 



G J4f, we have 



;i.i4) 



Thus we can transform if on to the operator if on 



L 2 (Z 2 ;J?) = ^ f :Z 2 ^^ 



L 2 (Z 2 ;J?) 



J2\\f(*)\\%<™\ (1-15) 



o-£Z 2 



by 



(ff*)(a) = (ff f + aa0 b (/i)) #(<t) + e*(-cr), a G Z 2 . 



;i.l6) 
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In what follows, we identify the Hilbert space M' with L 2 (Z2] through 
J? 3 



*(+) 



and instead of H we consider H, and use the notation H for H . 

Let (fi, E, P) be a probability space, and (N t ) tm be a two-sided Poisson process 
with unit intensity on this space. We denote by D = {t £ R | A 7 ^ 7^ Ai_ } the set of 
jump points, and define the integral with respect to this Poisson process by 

/ f(r,N r )dN r = /( r '^) 

J (s,t] reD 
r£(s,t] 

for any predictable function / (we refer to Appendix of |HL08j for details). In partic- 
ular, we have for any continuous function g, 

[ g(r,N r „)dN r = ]T g(r,N r _). (1.17) 

s<r<t 

We write ■ ■ ■ dN r for f, t , • ■ ■ dN r . Note that J s * + g(r, N_ r )dN r is right-continuous 
in t and the integrand g(r, N_ r ) is left- continuous in r and thus a predictable process. 
Define the random process 

a t = a{-l) N \ aEZ 2 . (1.18) 

This process describes the spin. Since our Poisson process is indexed by the real line, 
we summarize its properties below. 

Proposition 1.1 The stochastic process {N t ) tm has the following properties: 

1. Independence: The random variables N t and N s are independent for all s < < t, 
s ^ t. 

2. Markov property: The stochastic processes (N t ) t > and (N t ) t < are Markov pro- 
cesses with respect to the natural filtrations jV t + = a(N s ,0 < s < t) and 
jV t ~ = a(N s ,t < s < 0), respectively, i.e., 

E P [N t+s \yK+] = Ep s [N t ] , E P [N^ t . s \^_-] = Ep~ s [N-t] ■ 

3. Reflection symmetry: The random variables N t and N_ t are identically dis- 

00 \t\ n 

tributedfor all t £ R, i.e., E P [/(7V_ t )] = E P [f(N t )} = ^/(fi)^e" 1 ' 1 . 

n=0 
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4- Shift invariance: The stochastic process at = &(— 1) % t G R, is shift invariant, 
i.e., 



E 

o-6Z 2 



E; 



.i=o 



E 



o-6Z 2 



J=0 



s g 



Proof: The proof is a minor modification of |LHBllt Theorem 3.106] and it is omitted. 

□ 

In the Schrodinger representation the boson Fock space & can be realized as an 
L 2 -space over a probability space (Q,/i), and the field operator 0b(/) with real- valued 
function / G L 2 (R d ) as a multiplication operator, which we will denote by </>(/). The 
identity function 11 on Q corresponds to the Fock vacuum in & . 

Next we introduce the random process describing the free boson field iff. Let 
(Qe, A*e) be a probability space associated with the Euclidean quantum field (for details 
see |LHB11[ Section 5]). The Hilbert spaces L 2 (Q E ) and L 2 {Q) are related through the 
family of isometries {j s } s eR from L 2 (R d ) to L 2 (R d+l ) defined by 



j s f(k, k ) 



where / denotes the Fourier transform of /. Let $e(Js/) be a Gaussian random variable 
on (Qej/^e) indexed by j s f G L 2 (R d+1 ) with mean zero and covariance 

1 
2 




\ s ^^f(k)g{k)dk. 



v m [$ E (j s f)<S> E (j t g)} 

Also, let { J s } s6R be the family of isometries from L 2 (Q) to L 2 (Q E ) defined by 

where :X: denotes Wick product of X. Then we derive that 

(J,*, J 4 ¥W) = e-l*-"^*)^ (Q ). (1.19) 



In [HL08] by making use of the process {o~t)tm a functional integral representation 
of the Pauli-Fierz model with spin 1/2 in non-relativistic quantum electrodynamics 
was obtained. By a suitable modification we can also construct the functional integral 
representation of e~ tH . In fact, the construction in the spin-boson case becomes simpler 
than in the case of the Pauli-Fierz model, see also [HL081 Remark 6.3] and |LHB1H 
Section 7.9]. We have the following Feynman-Kac-type formula for the spin-boson 
Hamiltonian. 
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We identify ffl as 



3tf L 2 (Z 2 ; L 2 (Q)) L 2 (Z 2 x Q). 



1.20) 



Proposition 1.2 Let $,$e and /i £ L 2 (R d ) be real-valued. Then 
(e 0) ($, e-* H ^)^ = e l Y, e p%e toe^W^'H^ J t tf fa 



(e = 0) ($,e-^^)^ = e* ^ E ME U$(a)e^ Q * E (^o 



'i.2r 



(1.22) 



o-6Z 2 



Proo/: Let e ^ 0. We see by fTTl6]) that 

(<r) = {Hi + a(t>(h))V(a) - e log£ ^(-a), o- £ Z 2 . 
Then by [HL08t Theorem 4.11] we have 



Since J log edN s = N t loge, (jl.2ip follows. Next consider the case £ = 0. As £ — > 
on both sides of (ll.2ip the integrands over {N t > 1} vanish while those on {iV t = 0} 
are non-vanishing. Moreover, note that N s = 0, s < t, on {Nt = 0}. Hence (11.221) is 
obtained by taking the limit 



lim($, e- tH V)jr 



lime* > 

E-S-0 ^— ' 



EpE ME 



Jo$(^o)e" a * E ( i ° t<TsjsMs )£ JVt J^(^) 



o-ez 2 



e* £ E ME [j $( ( x)e- Q<I>E ( <T ^^H j^(o-) 



<t6Z 2 



□ 



Remark 1.3 By the Feynman-Kac formula (Proposition \1.2\\ we see that 



e~ tH $((j) = e f E P 



JZe*^- a fi° rjrhdr) J t $(<T t ) 



1.23) 



for every <r £ Z 2 . 



Denote = 1l 2 (e 2 ) ® 1l 2 (Q)- Using the above proposition we can compute the 
vacuum expectation of the semigroup e~ tH , which plays an important role in this paper. 



12 



Corollary 1.4 Let h £ L 2 (R d ) be a real-valued function. Then for every t > it 
follows that 



(lje,e- tH l^) = e t Y,^ 



where the pair interaction potential W is given by 

(-D x 



W(x,s) 



2 

Proof: By Proposition II .21 we have 

{he, e- tH l^) < 1 . /■ 



|s|w(fc) |/i(fc)| 2 ^. 



e N * e \ fa dr So W(N r +N s ,r-s)ds 



cr£Z 2 



Since W(N r + N s ,r — s) = W(N r — N s ,r — s), the corollary follows. 
Note that equality (11.251) gives the interaction potential 

W(N r -N„r-s) = \a r a s f e - lr - s ^ k) \h(k)\ 2 dk 

of an infinite range Ising-model on the real line instead of a lattice. 



;i.24) 



;i.25) 



□ 



(1.26) 



1.4 Parity symmetry 

It is a known fact that Hsb has a parity symmetry. Let 



o. 



;i.27) 



where N = dT(l) denotes the number operator in & . From Spec(a z ) = {—1, 1} and 
Spec(iV) = {0, 1, 2, ...} it follows that Spec(P) = {-1, 1}. We identify with J^©^, 

a b 

where ^ and are identical copies of & . Then each Pauli matrix ax 

as 

a*(+) + 6^(- 



c d 



acts 





"*(+)" 




0"X 


.*(-)_ 





for 



£ ^ © JFj,. Furthermore, ^ = ffi£°J^n can be decomposed as J£" e © ^o, 



where J^" e and J^ denote respectively the subspaces of & consisting of even and odd 
numbers of bosons, i.e., & e = ffi^ =0 ^2m an d &a = ©m=o^2m+i- The projections from 



to J^" c and are denoted by P c and P D , respectively. Let J0+ = P c i^f © Po^i. and 
JZL = P ^" t © P C J^ be subspaces of =F t © J^. 
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Lemma 1.5 The following properties hold: 
(1) The Hilbert space can be identified with © ffl- by the correspondence 



m 



*.(+) 



*o(+)' 



e © JffL. 



where * e (±) = P e *(±) «^ *o(±) = ^o*(±)- 



(2) It follows that [H SB ,P] = 0. 

(3) 3ff± is the eigenspace associated with eigenvalue ±1 of P. 



(4) Hsb can be decomposed as Hsb = Hsb \,^ + ©-Psb \ 



G Jtf+. Then P^ = $ follows 



Proof: (1) and (2) are straightforward. Let \l/ 

by a direct calculation. Thus \P is eigenvector of P with eigenvalue +1. Similarly it 
follows that Jt?_ is the eigenspace associated with eigenvalue — 1 of P, and (3) also 
follows. (4) is obtained by a combination of (1), (2) and (3). □ 

Finally, for later use we show some related spin-flip properties. 



Lemma 1.6 We have the following properties: 

(1) (V,(T X <$>) = and (U*^,a z U*$) = for any $ ,$ G Jf?±. 

(2) 0(/)$) = and (U*V, <j>(f)U*$) = for any $ G 

Proof: (1) It is straightforward to show that cr^ is a spin-flip transform, i.e., 

which gives the first statement. The second statement follows by observing that 
Ucr z U* = o x . To obtain (2) it is again straightforward to show that 



<Kf) (J&n £>(#/))) cj£. 



The second part follows by U<f)(f)U* = 



□ 
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2 Ground state of the spin-boson 

2.1 Posit ivity improving semigroup 

In the remainder of this paper we assume that h £ L 2 (R d ) is real- valued. 

Let E = inf Spec(H). We estimate the dimension of Ker(H — E) for e ^ 0. 

Corollary 2.1 Assume that e ^ 0. T/ien e _ti? , t > 0, is a positivity improving semi- 
group on L 2 (Z 2 x Q), i.e., (\I>,e~* H $) > for $ > stzc/i i/iat * ^ ^ $. 



Proof: The proof simplifies an argument in |Hir00] . It is trivial that (\I/,e tH <&) > 0, 
thus it suffices showing that (\I/, e - *^^) ^ 0. Suppose the contrary. Then we have 



o-ez 2 



3/ 



J ^(a ),e^(- af o^ hds ) £ ^J t ^(a t 



L 2 (Q E ) 



0. 



Since J t is positivity preserving and e* E ( a I r7 ^^ hds ) j s positive, for a £ Z 2 we have 



E P 



J #(ao),eMWo^H^J t $(^) 



i 2 (Q E ) 



0. 



which implies that suppJ ^ / (<7o)nsuppJ t $(cr t ) = a.s. Hence = (J \I/(o"o), J t &(o- t )) = 
(\l/(cro), e~*- f/f $(a t )). Since e~ <//f is positivity improving, \l/(<To) = or = 0. This 

contradicts that \1/ ^ and $ ^ 0, and the claim follows. □ 



2.2 Existence and uniqueness of ground state 
2.2.1 The case of e = 

Whenever e = the Hamiltonian H is diagonal, i.e., we have 



H 



H { + a<p(h) 

Hi - «</>(» 



It is known that H{ + a<fr(h), the Hamiltonian of the van Hove model, has a unique 
ground state if and only if h/uj £ L 2 {R d ), see e.g. |Hir06j . which implies that H has a 
two-fold degenerate ground state if and only if h/u £ L 2 (R d ). 

2.2.2 The case of e^0 

Next we consider the case of e ^ 0. Write 

<S> T = e - T{H - E) l, T>0, (2.1) 
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and 



7C0 



||$ T || 2 (W^W 
A known criterion of existence of a ground state is |LHB11} Proposition 6.8]. 

Proposition 2.2 A ground state of H exists if and only if lim j(T) > 0. 

T— 5>oo 

By Corollary 11.41 we have 



(2.2) 



\$ T f = e 2TE > E P 



£ 

CT6Z2 



o"6Z 2 



£ N T e 4- I-T dt f~T W(N t -N a ,t-s)ds 



£ N T e ^ Jo dt Io W{N t -N s ,t-s)ds 



e N T e ^~ I-T dt J° T W(Nt-N s ,t~s)d& 



(2.3) 



(2.4) 



The second identity on f)2.4p is derived from the reflection symmetry in Proposition ll.il 
Note that 



I dt I W(N t - N s ,t- s)ds 

J-T JO 



1 


h 


< - 




- 2 





(2.5) 



uniformly in T and in the paths. 

Theorem 2.3 Ifh/cu G L 2 (R d ), then H has a ground state and it is unique. 



T fT 



T J-T 



pO 



Proof: We write / dt / Wds = dt Wds + dt Wds + 2 dt Wds 



T J-T 



T r T 



and by (12. 5p obtain 
\\$ T \\ 2 <e 2TE J2 E P 



o Jo 



T JO 



£ NT e ^(J%dtf° T dsW(N t -N s ,t-s)+f^dtfgdsW(Nt~N s ,t-s)+2\\h/uj\\ 2 ) 



o-6Z 2 



(2.6) 



By the independence of N t and N_ s , and reflection symmetry of the paths we further- 
more obtain that 

2 ,2 - 



|$t|| 2 < e 2TE ( 



£ N T e \So dt Io dsW(N t -N s ,t-s) 



e 2 



IIVHI 



<k £ £ 



E, 



e N T e %- Jo dt J T dsW(N t -N 3 ,t-s) 



e ^\\hM\ 2 



0-6Z2 



(1^,<I>t)VH*/< 
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Hence 7(T) > e " IIVHI 2 an d a ground state (p g of H exists. By Corollary 12.11 ip g is 
strictly positive as a vector in L 2 (Z 2 x Q), in particular, it is unique. □ 

By Theorem 12.31 it follows that Hsb also has a unique ground state. As seen above, 
can be decomposed as Jif = J4? + © and H can be reduced by J^f±. 

Corollary 2.4 Let </9gB be the ground state of H^b- Then tps^ e 

Proof: Let [/ be as in f ll . 12j) . Notice that ^sb = U*(p g , and thus 

e- THs *U*l^ 



V?sb = s 



lim 



U*e- TH 1^ 



t^oc \\U*e- TH t 



s — lim 



t^oc \\ e - TH svU*t 



The function 1,^ e L 2 (Z 2 ) (8) L 2 (Q) corresponds to 



1 


"1 


-1 




"fi" 




"o" 


2 


1 


1 




n 




n 



and 



Hence by the parity symmetry of ifsB we have 

Pe~ THeB U*lje = e~ THsB PU*!^ = -e- THsB U*l^ 
and thus e- THsB U*t^ G This implies that ^e^. 



□ 



Remark 2.5 By Corollary 12. li the ground state y? g of if overlaps with the non-negative 
1, a = +l 

vector p(a, 



q (j — \ in L2 ( Z2 x Q)- Hence (v 9 S5 p)l 2 (z 2 xQ) 7^ and 

The expression at the right hand side above was also obtained in |Hir99t IAbdl2j . 



1 1 
inf Spec(H) = — lim — log(p, e~ l3H p) = — lim — loge^Ep 

/3-^oo /3 /3->oo /3 



3 Path measure associated with the ground state 
3.1 Z2-valued paths 



In Sections 13.1113.21 we set e = 1 for simplicity. 

Let 2£ = D(R; Z 2 ) be the space of cadlag paths with values in Z 2 , and £f the a- field 
generated by cylinder sets. Thus a. : (Q, E, P) — > (JT,£f) is an ^"-valued random 
variable. We denote its image measure by W 7 , i.e., W a (A) = a7 1 (A) for Ae^, and 
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the coordinate process by (X t )t eR , i.e., X t (oj) = co(t) for uj G 3£ . Hence Proposition [L2] 
can be reformulated in terms of (X t ) t6R as 



($,e-^*)^ = E^ E U$(Xo)e-^ E U t ^Hj t ^(X t ) 



(3.1) 



0-6Z2 



Here = Eyy so that E^y[X = a] — 1. Then (I4.14p can be converted to the form 



e -^$(a) = e*E^ 



J* e *B(-aJ?JTrir/«fc-)j t $^ 



(3.2) 



for every a G 



Lemma 3.1 For even/ s,£ G M it follows that 



<S>,e- tH V)^ = e l Y, e;e, e \j s <f>(X s )e- a Mf: +t Xrjrhdr) j s+t y( Xs+t ) 



(3.3) 



o-6Z 2 



Proof: By the Trotter product formula e~ tH ^)jtf = lim ($, (e~«' f/o e"^ f ) n \I/), and 
using the fact that e~'*~ s ' Hf = J*J S we have 

($,e-^v]/)^ = e* J] EpE, e [^) e -«*E(J '« s+r M r ) Js+($(ffi) 
By the shift invariance of (N t ) tem stated in Proposition II . II we have 



s+t, 



o-ez 2 



Hence the lemma follows. 



□ 



Let (Z 2 , 38) be a measurable space with cr-field 38 = {0, {—1}, {+1}, ^2}- For later 
use we show a functional integral representation of Euclidean Green functions of the 
type ($, t Ao e- {tl - to)H t Al e- {t2 - tl)H ■ ■ ■ e~^ tn - tn -^ H t An ^), where -00 < t < . . . < t n < 
00 and A , A n G 38. We see that the operator 

Q[s,T] = J* s e^- a ^^shds)j T . L 2 (g) ^ L 2 (g) (3 4) 
is bounded. In fact, we have that 

\\Q[s, T] \\mQ)^(Q) < \\Q[S,T]\\ LHQ) < e^H/J^^II 2 , (3.5) 
which was shown in e.g. [HL08t Corollary 4.4]. 
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Corollary 3.2 Let — oo < t < . . . < t n < oo and A , A n E SS . Then 
($, l Ao e~ {tl - to)H t Al e- {t2 - tl)H ■ ■ ■ e- {tn ~ tn - l)H l An ^) 



-,tn—to 



J2k 



W E A*e 



<Tez 2 



' n \ 



L Y?=o 



(3.6) 



Proof: This is proven by using the Markov properties of both the Poisson process and 
the Euclidean field, and (I4.14p . Denote by JV S = a(N r , < r < s) the natural filtration 
of the Poisson process (N t ) teSL . The Markov property of (N t ) teR and (14.141) yield that 



e s+t E P 



e s+t E P 



e s+t E P 



(e- sH l A e- tH <S>) (a) 

J* e* E # °V Jrfc*) Js J* e -«*E (/J a r+sjr hdr) J t ^ at+s ) 

J* e-°* E ^o "rjrMr) J s 1a J* e"«*E (Jo* «TH-.irMr) J t $ (^ +s J 

Since Jo = U- S J S , where U s : L 2 (Qe) — ► L 2 (Qe) is the shift operator defined by 

U s <^EUtJl) ■ ■ ■ $E(jtJn) = fyzUti+sfl) ■ ■ ■ &E(jtn+sU), We ° btain 

(e~ sH l A e- tH <!>) (a) 

J*e- a$E( ^>^)j s j;i A ^^ . (3.7) 

Furthermore, by the Markov property of the Euclidean field we can remove the projec- 
tion J S J* in (13. 7p and obtain 

(e- sH l A e- tH <5>) (a) = e s+t E P \j* e - a *^ +t °^ hdr H A {<j s ) J t+S <$>(a t+S ) 

Hence in terms of (X t ) teR we have 

= e s+t E w h Ao (X )l Al (X s )t A2 (X s+t ) (j $(X ),e- Q * E ^o +t ^^)j <+s vl> (X] 



e s+t E P 



e s+t E P 



ctGZ 2 

Repeating this procedure, we have 



* j —to ; 



HX )Q [Q , tn _ to] y(X tn _ to ) 
By the shift invariance of a t (Proposition II. ip we complete the proof. 



(3.* 



□ 
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Corollary 3.3 Let — oo < to < t\ < . . . < t n < oo and Ao, A n e T/ien 
(t Ao , e-^-^ H t Al e-^-^ H ■ ■ ■ e-^-^lAj 
= e tn ~ t0 E w 



<reZ 2 



3=0 



xy 



where W(x,y,t) = =^ / e'^^hikfik. 
Proof: By Corollary 13.21 we have 

LHS ([33]) = e*"-*° E vv 

Hence the corollary follows. 



"Me 



[Q[to,tn]] II ^-AjiXt 
3=0 



(3.9) 



□ 



3.2 Local weak convergence 

In this section we make the assumption that h/uj G L 2 (M d ), so that there is a unique 
ground state ip g e J^. Let ^[-t,t] = o~(X t ,t G [— T, T]) be the family of sub-a-fields of 
and 

T>0 

Let Q = a{Q). Define the probability measure fir on Q) by 



2T 



r /-t d * /-T dsW(X t ,X s ,t-s) 



A eg, 



(3.10) 



where is the normalizing constant such that iit{3£) = 1. This probability measure 
is a Gibbs measure for the pair interaction potential W, indexed by the bounded 
intervals [—T,T] (see the next section for further details). In this section we show 
convergence of [It to a probability measure /i^ in a specific sense when T -> oo. 

Definition 3.4 Let /i^ be a probability measure on (&,Q), and (T n ) neN C I be 
any unbounded increasing sequence of positive numbers. The sequence of probability 
measures (fiT n )n£N is said to converge to the probability measure ^ in local weak 
topology whenever lim^oo \/iT n (A) — ^(A)] = for all A e &{-t,t] and t > 0. 

By the above definition it is seen that whenever \xt — > ^oc in local weak sense, we have 
that 

limVl^E.J/] (3.11) 

1 — »-oo 
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for any bounded @[~t,t] -measurable function /. 

Next we define the finite dimensional distributions indexed by A = {to, • • • , t n } C 
[— T, T] with t < ... <t n . Let 



e 2T 

(4(Aq x • • ■ x A n ) = — V Ejy, 



o-6Z 2 



e ^ /-T d * /-T £foW(Xt,X s ,t-a) 



(3.12) 



be a probability measure on (Zg , ^ ), where 1^ = x ?=i^2 J an d ^ 



1 for 



A = {ti, ...,t n }, and Z 2 J and <!^* J ' are copies of Z2 and respectively. Clearly, Q is a 
finitely additive family of sets. Define an additive set function on ( J?T, Q) by 

= e 2Et e 2t Kv [ W*(*-0, Q[-tAV*(Xt))je] , A G (3.13) 
Note that fi(3ir) = (if g ,e- 2t ^ H -^ip g ) = 1. 

Lemma 3.5 There exists a unique probability measure /i^ on (?) such that /i M [g= 
/i. In particular, ^(A) = p(A), for every A G @[-t,t] an d tel. 

Proof: Let U^A,- G Q and A, fl Aj = for z 7^ j. Then there exists t > such that 
U^Aj G by the definition of Q. Thus by the definition of fi we have 

00 

nVjLM = e 2Et e 2t E ^[^^(X-O^-^gM)] = j>W 
o-ez 2 i=i 

by the Lebesgue dominated convergence theorem. Hence the set function \x on (3£ ,Q) 
is a completely additive measure. Then the Hopf extension theorem implies that there 
exists a unique probability measure /i^ on (3£ ,Q) such that Poo\g= P- 1=1 

In order to show that Pt(A) — > p^A) for every A G &[-t,t], we define the probability 
measure px on (3£ ,@[-t,t]) for A G ^[-t,t] with t < T by 



(JGZ2 



1 



(3.14) 



The family of probability measures on (Z2,^ A ) indexed by A = {t ,--.,tn} C 
[— T, T] is defined by 



p T (A x ... x 40 = e 2£ V* ]T E w 



vi=0 



$T-t(*-0 ^ $T-*(*0 
>V[-t,t]- 



(3.15) 

for arbitrary t such that —T < — t < . . . < to < . . . < t n < t < T. To show that 
Pt = PTi we prove that their finite dimensional distributions coincide. 
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Lemma 3.6 Let A = {to, ti, t n } and Aq x • • • x A e £§ A . Then it follows that 

/4(A x • • • x A n ) = p T (A x • • • x A n ). 
In particular, p T is independent of the choice oft. 
Proof: By Corollary 13.21 we see that 

l4(Ao x ■ • • x A n ) = -^(hr, eWl^-C-n, ■ ■ • 1^1/). 



Hence we have by the definition of $T-t that 



2£t 

/4(A x x AO = n^ru2^T-t, e-^ H t Ao e-^ H t Al • • • l An e-^ H ^ t ). 

T 1 



a4(A, x • • ■ x A.) = e^e* X) B? 



w 



By Corollary 13.21 we have furthermore 

= pr(A x ••• x A). 

Thus the lemma follows. □ 
Denote z5~ 00,oo) = {u : (-oo, oo) -»■ Z 2 }. 

Lemma 3.7 Lett <T and A e &[-t,t]- Then Ht{A) = pr(A). 

Proof: It is straightforward to see that the family of probability measures p, T , A C K, 
on (Z 2 ,^ A ) with ^A < oo satisfies the Kolmogorov consistency condition: 

m 

/4'°'- A ' Sl '-' Sm} (A) x • • • x A x fjza) = 4*°"" M (^o x ••• x A)- 

Let 7Ta : Z 2 ° ' 00 ' ) — >■ Z 2 be the projection defined by 7Ta(u)) = (u(to), . . . , u(t n )) for a; G 
Z^" 00 '^ and A = {t ,...,t n }. Then sf T = {^(E) | A C [-T,T],#A <oo, J EG ^ a } 
is a finitely additive family of sets. Thus by the Kolmogorov extension theorem there 
exists a unique probability measure p T 00 ' 00 ' ) on (Z 2 °°' 00 ' > , <r(^)) such that 



p T 



C-oo,oo) (7r _i (A) x . . . x = x . . . x An) (3 _ 16) 



for all A C [— T, T] with #A < oo and A j 6 ^. Note that z!> °°' oo) = and 
o~(&/t) = &[-t,t\ follow. On the other hand, we have 

/iT^A^A x -.. x A)) = /4(A) x -.. x A), 
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and /jLt \%_ t t] is a probability measure on ( , £f [_t,t] ) • Thus the uniqueness of p T 
satisfying (I3.16P implies that pif 00 ' 00 ^ = p T \y . Observing that 



(—00,00) 



Ht(A X • • • X An) = Pt{A x • • • x A n ) = p T (-K K l (A X • • • X An)) 

by Lemma [3761 we also see that Pt(A) = p ( T ~ 00 ' 00 \A) for A G &[-t,t] by the uniqueness 
of pip °°' 00 ' ) satisfying ( 13. 16ft . Thus together with p T °°' 00 ' ) = px\- 
p T {A) = p T {A) for A G 5f[_ tjt] and t < T. 



%_ T T] we conclude that 

□ 



Theorem 3.8 Suppose h/u G L 2 (R d ). Then the probability measure pr on (iST,£7) 
converges in local weak sense to p^ as T — > 00. 

Proof: By Lemma 13.71 it suffices to show that lim pr(A) = Poo(A) for every A G 

T— >oo 

&[-t,t\- Since $T-t/ ||$t|| — > strongly in L 2 (Z 2 ) <S> L 2 {Q) as T — > 00, we have 
$T-t(er)/||3>T|| — > f° r every a G Z 2 , strongly in L 2 {Q). Since Q[-t,t] is a bounded 

operator, it is seen that 



lim pt(A) = lim e 2t e 2Et V 



T->oo 



<rez 2 



-,y[-M] — n-j - n — I -m 



||<|> T || ||$ T || 
e 2 'e 2Ei Yl E w [(^(X_ t ),Q[_ M ^ g (X t )) 1a] = Poo(A) 



o-ez 2 



Thus the theorem follows. 



□ 



3.3 The case of arbitrary e > 

In the case when la parallel discussion to the previous section can be made. Since 



1 a 

tH = et[ -a x (g) 1 + 1 ® -# f + -a z <g> 0(/i) 



by replacing £, /i and oj with et, /i/e and u/e, respectively we have 



(3.17) 



Here J t e and jf are defined by w replaced by w/e. Thus jf *jf = e '* s ' tJ / £ and Jf* Jf 
e -\t-s\H f /e_ j) errne ^he probability measure p e T on (JT,(?) by 



D 2eT 



= |- E E ^ 



(3.18) 



o-ez 2 



23 



Define also an additive set function on (J%~,G) by 

where Q { ^ £t] = J e *^ e * E{ ~ {ale) l-« Xailhd8) J £ et . In the same way as Lemma [33] we see 
that there exists a unique probability measure //^ on (JT,(7) such that ^^,[0= 
Furthermore, it can be derived in a similar manner to Theorem 13.81 that 

lim A< 5.(il)= / 4(A), Ae^-M]. (3.19) 

i — >oo 

We summarize this in the theorem below. 

Theorem 3.9 Suppose h/u G L 2 (R d ). Tnen t/ie probability measure \i e T on (3£,Q) 
converges in local weak sense to as T — >■ 00. 

We also write /j, g for //^ for notational convenience. 
3.4 Gibbs measure 

In this subsection we show that /i g is a Gibbs measure on (JT, £?). First we give some 
definitions and basic facts on Gibbs measures needed for this proof. 

Let (Q, Q) be a probability space, and (Y t ) tm be a Markov process with cadlag 
paths on it. We write & T = o-{Y r ,r G [— T, T]) and = a{Y r ,r G [-T,T] C ). Let 
T : M. d — > R and W : M d x R d x K — > K be Borel measurable functions, called external 
potential and pair potential, respectively. We call an admissible external potential 
whenever 

0<E Q le-f; r(Y ° )ds ] <oo (3.20) 

for every bounded interval / CM. Furthermore, we say that W is an admissible pair 
interaction potential whenever 

/ sup \W(x, y, s)\ds < 00. (3.21) 

JR x,y£R d 



For the admissible potentials W and < S < T define the functionals 




(3.22) 
(3.23) 



24 



Also, define on (Q, for every Y G Vt as the unique probability measure such 
that Eqy[fg] = ¥.Q[f\^T\iX)giX)i for every bounded ^-measurable function / and 
every bounded ^-measurable function g, i.e., 

Q*[A]=Eq[1 a \& t ](Y). (3.24) 



Definition 3.10 Suppose that "V and W are admissible potentials. 

(1) A probability measure Pt on (Q, ty) is called a finite volume Gibbs measure for 
the interval [— T, T] with respect to the reference measure Q and the potentials 
"V and "W whenever for all < S < T 

(i) P r [r T < Q\ 9t 

(ii) for every bounded & -measurable function / 

E^lfe-^ 



E PT [fm(Y)= ; s \ p , , Pr-a.s. (3.25) 



(2) A probability measure P is called a Gibbs measure with respect to the reference 
measure Q and the potentials "V and whenever for all T > 

(i) p\ 9t <- Q\» t 

(ii) for every bounded & -measurable function / 

E P [/l^](y)= Qr 1 J , P-a.s. (3.26) 

A sufficient condition for Pt to be a finite volume Gibbs measure and P a Gibbs 
measure is as follows. 

Proposition 3.11 Let "V and W be admissible potentials. 
(1) For every T > 

dP T = —e'^dQ (3.27) 

ZiT 

is a finite volume Gibbs measure for [—T,T], where Zt denotes the normalizing 
constant. 
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(2) Suppose that there exists a probability measure P^ such that Pt{A) — > Poo (A) as 
t — > oo for all A G Wq>, and Pool&r^ Q\» T for every T. Then P^ is a Gibbs 
measure for the given potentials and reference measure. 

Proof: For (1) see Proposition 4.1, for (2) Proposition 4.2 in |LHBllj . □ 

Consider on Z2 the Bernoulli measure 

g (M*) + <*+l(*))> ^Z 2l 

and define the probability measure /x on [5£ ,Q) by 

Ho(A)=E u V% v [i A ], A eg. 

Theorem 3.12 Suppose that h/uj G L 2 (R d ). Then the probability measure /i g is a 
Gibbs measure on (3£,Q) with respect to reference measure fio, zero external potential 
and pair interaction potential 

W(X eU X £S ,\t-s\) = \x £t X £S [ e^-^lHk^dk. 

Proof: The probability measure \f T is a finite volume Gibbs measure by part (1) of 
Proposition 13. Ill and ( I3.18p . By Theorem 13.91 we have that Ht(A) — > f^ g (A) as T — > 00 
for every A G &[-t,t], t <T, and 

Ai g (A) = e 2 ^e 2rf E ^ 

^ 2Eet2et\\ n (s) i / ,x , 2Eet o 2et„ a 2 t 2 ||/i|| 2 „ / a\ 

< Ze e \\Q [ _ £tt£t] \\L 1 (Q)fJ'0{A) < Ze e e /MA)- 

This bound is derived from ( 13. 5p . Hence /i g |V t <^ /xo|V t follows for every t > 0. Then 
the theorem follows by part (2) of Proposition 13.111 □ 

4 Ground state properties 

4.1 Expectations of functions of the form ^(a)F((j)(f)) 

In this section we use the Gibbs measure obtained above to derive ground state prop- 
erties of the form (\1.2\i mentioned in Section 11.11 We start by considering ground state 
expectations of the form (<^ g , £(cr)F(0(/))(^ g ) with suitable functions F and £ expressed 
through expectations with respect to the path measure /i g . By the parity symmetry 
we know that 

(^g; 0"<£g)z, 2 (Z 2 ;Z, 2 (Q)) = (V?SB, CT^seOc 2 ® J? = 0. (4.1) 



U{x^^ £t ^ g {x £t )\ 1 A 
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4.1.1 Expectation of £(cr) 

Theorem 4.1 Let f be a ^_ £t ^-measurable function on 3£ . Then 



E 



<rez 2 



Proof: Since for A £ &[-et,et] we have 



crGZ 2 



( B follows. 

An immediate consequence of Theorem 14.11 is the following. 
Corollary 4.2 Let /j : Z 2 — > C, j = 0, ...,n, fre bounded functions. Then 



E 



/'g 



J=0 



In particular, we have for all bounded functions £, / and g i/iai 
Proof: For Aj 6 =5^, j = 0, 1, n, it follows that 



i=o 



(4.2) 



□ 



fo, / e- (tl - t0)(H - £) /i ' " " e"^-^-^ g ). (4.3) 



(4.4) 
(4.5) 



p g (X_ £t ), Q\% t]Vg (X £t )) J] l Aj {X £tj 



j=0 



Hence ( 14. 3D is obtained. 



□ 



4.1.2 Expectation of £(a)F((f>(f)) 

Lemma 4.3 Let F be a real-valued bounded function on R, f £ L 2 (R d ) and £ : Z 2 — > 
be a bounded function. Then 



(e-^ll^,e(a)F(0(/))e-^M 

= e 2£T £ E^ E k(X )e-^ E ^^ Ms )F($ E (j /)) 



o-ez 2 
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Proof: By (13. 2p we have 



-TH e 



" i eWi J, W))e- Tflr l J r)(ff) = e 2£T K 



Here Q^ T ^ = J|*e* E ^ " fs Xa ^ hds \j^. Then in a similar manner to the proof of Corol- 
lary [372] the lemma follows from the Markov property of (iV t ) i6ffi . □ 

Theorem 4.4 Let h/u G L 2 (R d ), / G L 2 (M d ) 6e real-valued, £ : Z 2 ->■ C fre a bounded 
function, and G R. T/ien 



(^g,^)e W(/ Vg) 



where K(f) is a random variable on (3^,Q) given by 



K{f) = £ 



-\ r HJ)X £r dr. 



(4.6) 



(4.7) 



Proof: Note that 



(^COryWVgH lim 



T->oc 11$ 



r 



and by Lemma [4.31 we see that 



,2eT 



"*e(/!; t Xsjshds) ip<s> E (j f) 



The expectation with respect to /ie can be computed explicitly and thus 



lim e-W-Le^E*, fex )e 



f-T dt I-T W(X Et ,X ES ,t-s)ds i/3f^ T (e-\ s ^hJ)X £S ds 



Jim e-^\e T k(X y^-T^ h ^ x ~ 



T->oo 



Notice that \ X £S (e~^ s ^h, f)ds\ < 2||^/o;||||/|| < oo. By the local weak convergence 
of fiT and a similar telescoping as in the proof of Theorem 14.161 below, we obtain the 
desired result. □ 



By using Theorem 14.41 the functionals (ip g ,^(a)F((j)(f))(p g ) can be represented in 
terms of averages with respect to the path measure /i g . Consider the case when F is 
a polynomial or a Schwartz test function. We will show in Corollary 14.181 below that 
^ g G D(e +f}N ) for all (3 > 0, thus ^ g G D(<p(f) n ) for every n G N. 
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Corollary 4.5 Let h/co G L 2 (R d ), f G L 2 (R d ) be real-valued, and£ :Z 2 4Cfl bounded 

d.r" 



function. Also, let h n (x) = ( — l) n e x2 l 2 4^e x2 l 2 be the Hermite polynomial of order n 



Then 



(<p„Z(<r)<Kf) n <p g ) = r*, 



/'e 



t(X )h r 



iK(f) \ 
2-1/2 J 



2~ 1/2 ) n , neN. (4. 



Proof: We have 



e -/3 2 H/H 2 /4 e i/3^(/) 



n=0 



\ (-/3||/||2-V 2 )" 



2-1/2 y 



Hence 



1 d n 



/3=0 



2-V2 y 



«"x ( „ i ami2- l/2 r 



follows. By f)4.10p and the computation 



1 d n 



.£lim|2_ 



/9=0 



we obtain ( 14. 8ft . 



(4.9) 



(4.10) 



□ 



In the next corollary we give the path integral representation of (<p g , £ (a)F(<p(f))if g ) 
for F G ^(K), where =5^(R) denotes the space of rapidly decreasing, infinitely many 
times differentiable functions on R. 



Corollary 4.6 Let h/u G L 2 (R d ) , / G L 2 (M d ) &e real-valued, F G «5^(m), and £ : Z 2 
C a bounded function. Then 



(tp s , £(v)F(<l>(f))<pJ = E Mg K(X )G (Ji (/))] , 
where G = F * g and g{(3) = e"^^" 2 / 4 . 

Proof: Since F(0(/)) = j^F^e^^df], we have 

1 



(4.11) 



(cp s ,a<7)F(<f>(f))<P S ) 



/CO 2 
F(/3)e-^r"-^ 2 E Mg [£(X )e W) ] d/3. (4.12) 
•00 



Thus the corollary follows. 



□ 



29 



4.1.3 Field fluctuations in the ground state 

The field fluctuations in the ground state are defined for every real-valued function 
/ G L 2 (R d ) by 

F a (f) = fag, <Kf) Vg) " fag, <K/fag) 2 - (4-13) 
More generally, we also consider fluctuations of the form 

G a (f) = fag, fa<K/))fag) " fag, ^>fafag) 2 - (4-14) 
Corollary 4.7 Lei fa/a; G L 2 (R rf ) and / G L 2 (M. d ) be a real-valued function. Then 

(1) fa g ,^(/)¥7 g )=E^Xoff(/)L 

(«; fa g , H>(/))fa g ) = e^jw/)) 2 ] + 1||/|| 2 . 

In particular, 

(3) G a (f) = E, g [(X K(m - (E, g [X K(/)]) 2 + 1||/|| 2 ; 

(4) fa g ,0(/fa g ) = and F a (f) = fa g ,0(/)fa g ) = E Mg [K(/) 2 ] + i||/|| 2 ; 

(5) whenever f ^ 0, we furthermore have that (i) F a (f) > and F a (f) > Fo(f), (ii) 
G a (f)>0and G a (f)>G (f). 

Proof: Statements (l)-(3) easily follow from Corollary 14.51 which imply (4) for a — 1. 
Using Schwarz inequality, we obtain (5ii), while (5i) is clear by (4). □ 

Note that to prove (l)-(2) of Corollary 14.71 we can proceed, alternatively, to derive 
first the equality fa g , <f)(f)if g ) = [K(f)] by using Corollary 14.51 and from E M [Jf s ] = 
fag, crtfg) to further obtain that 

fag, nf)<Pg) = — 2 (V w > /)fag, = °- (4-15) 
Notice that Xq = 1. Thus in Corollary 14.71 we have equivalently E Mg [(X i^(/)) 2 ] = 
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4.2 Gaussian decay and exponential moments of the field op- 
erator 

4.2.1 Gaussian decay of the field operator 

In this section we show that (<p g , e^^ 2 <f g ) < oo for some (3 > 0. 

Lemma 4.8 Let h/u £ L 2 (R d ) and f £ L 2 (R d ) be a real-valued function. Then for 
(3 > we have 



Proof: By Theorem 14.41 we see that 



2 Mg 



/2tt 
1 

/2tt 



E„ 



V/1 + WH72 ^ 
Replacing /3 2 /2 by /3 completes the proof of the lemma. 



e 



(4.16) 



□ 



Theorem 4.9 Lei /i/oj £ L 2 (R d ) and f £ L 2 (R d ) be a real-valued function. If — oo < 
/9 < 1/ll/H 2 , taen yjg £ D(eW 2 W) and 



\jp/2)m\ n ii 2 

l e rgll 



(4.17) 



Proof: The proof is a modification of [Hir04t Theorem 10.12]. 

Let 5 = £ C||z| < 1/ll/H 2 }, C+ = {z\ 3fcz > 0} and C_ = {z| < 0}. Consider 



1 



E, 



e i+*ii/h 



(4.18) 



for z > 0. Then can be analytically continued to C + U B, since \K(f)\ < 
\a\\\f\\\\h/u!\\ uniformly in paths. We denote this extension by p(z). Let w £ K n B 
and consider the ball Bs(w) = {z £ C| \z — w\ < 5}. Take any 5 < 1/||/|| 2 such that 
for w we have Bs(w) fl C_ H -£> 7^ 0. We expand as 



p(z) = ^(^-w) n 6„H, zeB s (w)nB 



(4.19) 



?1=0 
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and get in particular 

oo 

p(z) = ^\z -w\ n \b n (w)\ < oo (4.20) 



n=0 



for z G B s (w) n B. On the other hand, C + 9m (ip g , e 2< ^ (/) Vg) G C is differentiable 
on C+, since <p g G D((p(f) 2 ), and is thus analytic on C+. We have 

00 1 /"OO 

(¥> g ,e-^Vg) = X>-«O n - / (-A)"e- A d£; A , 2 6C + . (4.21) 

n=0 n ' 

Here -Ea denotes the spectral measure of \<p(f) 2 with respect to <p g . Comparing (14.191) . 
(14.2 ip and p{z) = (<p g , e" 2</>(/) Vg) for z G C+, we conclude that 

&nH = 1 / (—\) n e~ wX dE\. (4.22) 

Substituting (T4T221 into (051) we have 

p( z ) = Y(z - w) n - / (—X) n e~ wX dE\, z G B s (w) n £ (4.23) 
^ Jo 

n=0 J{) 

where the right hand side is absolutely convergent for every z G B§(w) (IB. Thus by 
QODD for 2 G S 5 (iy) fl 5 PI 1 we have 



/ e"*^ < V 1 , W| / (—\) n e~ wX dE\ < Y 1 , 1 / (-Afe"^^ 



which implies that lim^sc £ e "" A(iE 

a < 00 for these z. The monotone convergence 

theorem then gives J °° e~ zX dE\ < 00, hence <p g G D{e~ <yZ / 2 ^ <y ^ 2 ) and 

|| e -(-/2)0(/) 2 ^ g ||2 = ^ ^ e n5ni . (4.24) 

Since for every 5 < l/\\f\\ 2 there exists w G M n 5 such that C_nBn £5(10) ^ 0, the 
proof of the theorem is complete. □ 

From Theorem 14.91 it is immediate to get the limit of ||e^/ 2 ^^ 2 (^ g ||. 

Corollary 4.10 Suppose that h/u G L 2 (R d ) and f G L 2 (R d ) is a real-valued function. 
Then 

lim \\eW 2 W<p g \\=oo. 

W/ll/ll 2 
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In the previous section we investigated the moments of <fi{f) of positive integer 
order. By using Lemma 14.81 also the moments of fractional order can be derived. 
Define \(j){f)\ s = (4>(f) 2 ) s/2 for < s < 2, and let A be the Levy measure on K \ {0} 
such that / °°(1 - e~ yu )X(dy) = u s/2 for u > 0, i.e., 



\{dy) 



-y 1 *ho,oo){y)dy, 



2r(i- s /2) tf (0 '°° )( 

corresponding to the s/2-subordinator. Let A a = |||0(,/)| s ' / Vg|| 2 - 

Corollary 4.11 Suppose that h/uj G L 2 (M. d ) and f G L 2 (R d ) is a real-valued function. 
Then for < s < 2, 



A, 



E 



1 - 



-e i+/3ii/n : 



X(d(3) 



(4.25) 



In particular, Aq < A a follows. 
Proof: Notice that 



1 



.g i+«P 



0- 



< 



In a neighborhood of ft — it holds that r](f3) = (3 s / 2 -\- o(/3) locally uniformly. Then 
r]((3) is integrable in this neighborhood, and since riiP) < const /3 1+ */ 2 , 77 G ^([O.oo)) 
follows. Then (14.251) is immediate from Lemma 14.81 by using the Fubini theorem, and 
the inequality follows from 



Ar 



y/l + W\ 



X{df3). 



□ 



Remark 4.12 A simple computation shows that if U is a real-valued Gaussian random 
variable with mean m and variance a 2 , then whenever 9 < l/(2<7 2 ), we have 

m 2 fl 



E G [e 



eu 2 



g 1-28D- 2 



VT^29a 2 

where the expectation is taken with respect to this Gaussian measure. A comparison 
with (I4.17P implies that there exists thus a real-valued Gaussian random variable U 
with mean K(f) (or —K(f)) and variance ||/|| 2 /2 such that 

For some consequences see Section 14731 below. 
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4.2.2 Exponential moments of the field operator 

Theorem 14.91 says that ||e (/3/2)W) V g || < oo. Using this fact we can obtain explicit 
formulae of the exponential moments ((p g ,e^^(p g ) of the field. 

Corollary 4.13 Ifh/cuE L 2 (R d ) and f E L 2 (R d ) is a real-valued function, then (p g E 
D(e*W>) and 

fo, e^'Vg) = ((/?g , cosh(/30(/))^ g ) = e^\ g [e™] , (4.26) 
(tp gt aetoW<p g ) = (<p g , a sinh(M/)K) = e^M\ g [X e^] . (4.27) 

1 2 

Proof: For simplicity we reset /3f to /. By using the generating function e xy ~^ v = 
Y^Lo^n(x)^T of the Hermite polynomials, summation in (14. 8[) gives 

M 



hm ( Vg , -M)>z) = e l + m \ s [e K(f) ] ■ (4-28) 



M->oo * — ' nl 

n=0 



We need to check that the left hand side converges to (ip g , e^'ip g ). Notice that by the 
spin flip property (2) in Lemma 11.61 (tp g , <j)(f) n ip g ) = for odd n. Hence it suffices 
to show the convergence of (<p g , J2n=o J^y.^^f^^s) as M — )• oo. By Theorem 14.91 we 
have that ||e^^ 2// ( 4 "^ 2 Vg|| < °°. Let E\ be the spectral measure of <p(f) with respect 
to <p g . Then 

M 1 „ M 1 

Ero^T^^) 2 ^)^ / E^ A2vA2/(4|l/l|2)eA2/(4|l/l|2) ^- 

Since e A2//( - 4 "^" 2 ' ) is integrable by Theorem I4.9[ Yln=o (2^)1 \ 2n e~ x2 ^^^^ is monotonously 
increasing to cosh(A)e _A2// ^ 4 '^" 2 ^ as M f oo, which is a bounded function, hence the 
monotone convergence theorem yields that Hthm^^ f J2n=o ~t}.^ n dE\ = L e x dE x < oo, 
which implies (p g E D(e^^) and (I4.26p . Equality (I4.27P is derived in a similar way. □ 



4.3 Van Hove representation 

In Remark 14.121 we pointed out that the expectation of the field operator 4>(f) in the 
ground state tp g can be realized as an expectation of a Gaussian random variable. Here 
we show that this allows another representation of the ground state. 
The van Hove Hamiltonian is defined by the self-adjoint operator 



H vU (g) =H { + Md) 



(4.29) 
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in Fock space & . Suppose that g/uj G L 2 (R ) and define the conjugate momentum by 



\a\k)^-a{k) 



V2 



u(k) 



u(k) 



dk. 



Then 



e^H vll (g)e-^ = H t - ±\\g/u\ 



(4.30) 



and the ground state of H v n(g) is given by 

On the other hand, clearly the spin-boson Hamiltonian H with e = is the direct sum 
of van Hove Hamiltonians since 

~H f + a(j) h {h) 

H t - a(j) h {h\ 



H 



(see Section 2) and H { ± a0 b (/i) are equivalent. Therefore the ground state of H with 

e = can be realized as ip„ = ^ vI *( a ^) _ Thus in this case 

_ip YH {-ah)_ 

and the right hand side above equals 



(4.31) 



(4.32) 



When e ^ we can derive similar but non-trivial representations. Define the 
random boson field operator 

*(f) = Mf) + K(f) (4-33) 
on J^, where K(f) is the random variable on 3£ defined by (I4.7p . Then we see that 



(fi b ,*(/)fi b ) = #(/), 

(O b , \I/(/) 2 n b ) - (fi b , \I/(/)Q b ) 2 = 

(Q b ,e i ^)fi b ) = e -' 32 ll/ll 2 /4+W), 



72, 



(4.34) 
(4.35) 
(4.36) 



Let 



ft 



x = -u(k)h(k) 



~^ ik) X Fq ds. 



(4.37) 
(4.38) 



Note that x e L 2 (R d ) 

K(J) = (x,f), 

moreover, x/w G L 2 (R d ), whenever /i/u; G L 2 (R d ), and x = a h for e = 0. We define 
the random van Hove Hamiltonian by H v r(x)- 
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Theorem 4.14 Ifh/u G L 2 (M. d ), then 



(4.39) 



Proof: The first equality can be directly derived from Theorem 14.41 The second equality 
follows from e **b(x)^(/) e -**i»(x) = b (/). □ 



Corollary 4.15 Suppose h/uj G L 2 (R d ) and F G y(R). Then we have 



| e ^(/) 2 /2Q b ||2" =] 



3, 



(<pMx),HM)<pMx)) , (4-40) 



I W(/) 2 /2 112 = E 

| C fg|| ^/ig 



^ (/)2/ Vh(x)|| : 



Proof: This is proven from Corollary 14.61 and Theorem 14.91 



(4.41) 



□ 



4.4 Expectations of second quantized operators 
4.4.1 General results 

In this section we consider expectations of the form (</? g , e _/3dr ( p ( _4V )fa g ), where p is a 
real-valued multiplication operator given by the function p. An important example is 
p = 1 giving the boson number operator N = dT(l). 

In a similar way to |CHPS09| Section 3.2] we obtain the expression 



($ T ,e(t7)e-^ r ^- iV ))$ T ) 



E 



ewe- 



-a 2 J° T dtfg WP'P(Xet,Xe s ,t-s)ds 



where 



Denote 



xy 



W^(x,y,T) = ^ I \h{k)\ 2 e-\ T ^ k \l-e- Mk) )dk. 



/0 rco 
dt / W p '?{X Et ,X ES ,t-s)d S . 
-oo JO 

Notice that |W£^| < ||/z/o;|| 2 /2 < oo, uniformly in the paths in S£ ' . 



(4.42) 



(4.43) 



Theorem 4.16 Suppose that h/ou G L 2 (R d ) and £ : Z 2 — > C a bounded function. 
Then 



f3>0. 



(4.44) 
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Proof: This is shown by using Theorem 13.81 and telescoping. For a shorthand we write 

W£' p = f° T ds J^W p ^(X £t ,X £S ,t- s)dt. Note that for every 5 > there is S s such 

-p,i 

T 



that \Wj< — W£f\ < 5 for all T > 5,5, uniformly in the paths, and write 



3 



£(*o)e" 



E, 



£(*o)e 



£(*o)e- 



-a 2 W; 



3 



£(*o)e" 



E 



7'r 



2 w^ 



E 



7'g 



2 W P,/3 



-a 2 VK 



We have 



E 



l-i'T 



E 



l-i'T 



< CS 



with a constant C. The second term can be evaluated as 



E 



< 



+ 



£(*o)e" 



- E 



£(X )e s * 



E 



E 



/'e 



£(*o)e 



2WP./3 



-a 2 VK 



2U/P./3 



E 



-a 2 VK 



E 



/'a 



2 W P,S 



(4.45) 



(4.46) 
(4.47) 
(4.48) 



For f)4.46p and (14.481) we have again the same upper bound as in (14.45 p . and (14.471) goes 
to zero as T — > oo by Theorem 13.81 □ 



4.4.2 Super-exponential decay of the boson number 



In this section we discuss the expectation of e ^ , which can be obtained by a minor 
modification of Theorem 14.161 

Corollary 4.17 Suppose that h/oj G L 2 (M. d ) and £ : Z2 — > C is a bounded function. 
Then 



-a 2 (l-e-P)W a 



where 



dt 



W{X £t ,X es ,t-s)ds. 



(4.49) 

(4.50) 
□ 



Proof: By replacing p by 11 in Theorem 14.161 the claim readily follows. 

The following result says that the distribution of the number of bosons in the ground 
state has a super-exponentially short tail. 
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Corollary 4.18 Ifh/u G L 2 (R d ), then ip g G JJ(e /3Ar ) for all G C and 

-a 2 (l-e£)Wo, 



(4.51) 



follows. In particular, ip g G D(e + ^ N ) /or all f3 > 0. 

Proof: The proof is similar to that of Theorem 14.91 and [Hir04l Theorem 10.12], and is 
left to the reader. 

Corollary 4.19 Suppose h/tu G L 2 (R d ). Then 



□ 



(<p g , (-l)V) = % g 

iV 



-2a 2 W 



(ft.ew(-i)> g 

In particular, it follows that 



£(*o)e 



(fp g) (-lyVg) = e 



> e - a2| i &/w||a > 0, 



(4.52) 
(4.53) 

(4.54) 
(4.55) 

Proo/: Equality (I4.52p is derived from (I4.49p with £(cr) = 1 and /3 = — 27T, and (I4.53P 
with £ (cr) = a. Equality (14.541) follows from the estimate of the right hand side of (14.531) . 
Noticing that <£>sb e we obtain P^sb = o~ x (—l) N ipsB = — <£sb- In particular, this 
gives 



-2a 2 W a 



-1 < 0. 



E 



/'g 



X e 



(</? g ,cr(-l) </?g) = (</?sb,/Vsb) = -1. 



□ 



4.4.3 Moments of the boson number operator 

We can derive the expectation of N m , m = 1,2, with respect to the ground state 
<p g by using Corollary 14.171 

Corollary 4.20 Suppose that h/oo G L 2 (R d ). Then 



(^ g ,iV"Vg) = Y J a r{m)a 2r ^[W r 00 ] , m = 1,2,3,... 



(4.56) 



r=l 



where a r (m) = - -y YH=i(~^) s { T s ) sTn are the Stirling numbers of the second kind. 
Proof: It can be checked that 



d(3 r 



-C(l-e-£) 



-l) m ^a r (m)e" r/3 (-C) r e- a(1 - 



r=l 



Then the corollary follows from (ip g , N rn (p g ) = (— l) m ^ r (^ g , e ^ V^g) [/3=o and Corol- 
lary I4~T71 □ 
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4.5 A relation between the expectations of acj)(f) and N 

By the results obtained in the previous subsections we can derive an inequality con- 
necting the expectations (<p g , a<p(f)<f g ) and (ip g ,N(p g ). 

Corollary 4.21 Suppose that h/u £ L 2 (M. d ), f £ L 2 (R d ) is real-valued, and £ : Z 2 ->■ C 
a bounded function. Then 

{cp g , £(a)<l>(f)<p e ) = a [ (e(a)^ g , (tf - £ + u{k))~ 1 a(p g )h{k)f{k)dk. (4.57) 

In particular, 

{ip g ,o-<f>{h)ip g ) = a [ \\{H -E + u{k)Y 1/2 a Vg \\ 2 \h{k)\ 2 dk. (4.58) 
Proof: By Theorem 14.41 we have 

(Vg, faWM = % W)] = 2 y ^(e-W-Zi, [e(X )X er ] . 
By Corollary 14.21 we also see that this furthermore is 



oo 



dr y dk(£(a)<p g , e~\ r ^ H ~ E+ ^ k ^ a<^ g )h{k) f (k) 

= a f (H - E + u(k)y 1 a Vg )Uk)f{k)dk. 

Jm. d 

Then the corollary follows. □ 
A standard inequality, see e.g. |LHB114 Proposition 5.1], says that 

12 



($>0(/)) 2 $)<±^($, (AT + !)$). 

From Corollary 14.211 we obtain the following inequality. 
Corollary 4.22 Let h/u £ L 2 (m. d ). Then 

2 

(<p e , Ncp g ) < |(^ g , ^(D)" 1 /^) < y || h/u\\ 2 , D = -iV. (4.59) 



Proof: By (14.56)) we have 



a 2 



{^N Vg ) = - I \h{k)\ 



d 



/0 poo 
dt / dae-l*-!"^^^.]. 
-oo JO 
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Since E^ g [X £S X £t \ = (aip g ,e~^~ s ^ H ~ E ^aip g ), by Corollary [O] we see that 

a 2 f - 

{<p t ,N<p t ) = — / \h(k)\ 2 \\(H - E + u;(k))- 1 a<p g \\ 2 dk. (4.60) 

The first inequality is derived from (14.601) and (I4.58p . The second inequality follows 
through (jQgjl . □ 

Since <p g G D(N), we have that / >->■ (<p g , a(f)(f)<p g ) is linear and the bound 
\((p g , a(j)(f)(p g )\ < C\\f\\ with a constant C follows. By the Riesz representation theo- 
rem there exists G G L 2 (R d ) such that ((p g ,a(j)(f)tp g ) = (G, f) L 2/ M dy 

Corollary 4.23 Ifh/co G L 2 (R d ), then 

G(k) = |(^ g , (H — E + a;(fc))-V^ g )^(fc). (4.61) 

Proof: This is obtained directly from Corollary 14.211 □ 

Formally we see that G(-) = (<^ g , acj){-)ip g ). For the Nelson model of a linear coupling 
between a particle described by the Schrodinger operator — A + V and a boson field 
described by iff a similar kernel to f)4.6ip is obtained, see |LHB11[ (6.5.60)]. 
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